Abstract. Caprani, Madsen and Rall [Siam J. Math. Anal., 12 (1981), pp. 321-3411 have shown previously that the use of interval values leads to a simple theory of integration in which all functions, interval and real, are integrable. Here, a simplified construction of the interval integral is given for the case that the integrand and interval of integration are finite; the interval integral is shown to be the intersection of the interval Darboux sums corresponding to the partitions of the interval of integration into subintervals of equal length. A rate of convergence of these interval Darboux sums to the interval integral is given for Lipschitz continuous integrands. An alternate approach to interval integration in the unbounded case via finite interval integrals is presented. The results give theoretical support to interval methods for the solution of integral equations and finding extreme values of functionals defined in terms of integrals.
1. Introduction. The construction of the interval integral, given in the general case in [I] , can be simplified drastically in the case that the interval of integration is finite and the integrand is a bounded interval function. (Definitions of the necessary concepts will be given below.) In particular, the use of the extended real number system is not required, so all computations can be done by ordinary interval arithmetic [3] , [4] . Furthermore, it is not necessary to consider all partitions of the interval of integration into subintervals as the partition into subintervals with equal lengths will be shown to suffice. This eliminates an inherently nonconstmctive portion of the definition of the interval interval, the formation of the so-called interval Riemann sums.
In addition to the simplification of the construction of the interval interval in this case, rates of convergence of the Darboux sums based on the equipartition of the interval of integration to the interval integral will be derived for sufficiently smooth integrands. Another approach to improper interval integrals will also be given.
Interval functions. Following the definitions in [I]
, an interval function Y defined on an interval X= [a, b] assigns .the interval value to each real number x E X, where y,y are real functions called respectively the lower and upper boundary functions (or endpznt functions) of Y.
The vertical extent of Yon Xis defined to be the interval
In this paper only intervals of integration with finite width w(X) = b-a and bounded interval functions such that w(vY(X))< +oo will be considered. This is the finite case.
The notation Y=[y,y] will also be used for interval functions. Real functions y may be identified with &e interval functions y = [ y, y] with equal endpoint functions, which are called degenerate interval functions [I] .
3. Interval integrals. In general, the interval integral of an interval function Y over the interval X= [a, b] 
where jxy(x)dx denotes the lower Darboux integral of the lower endpoint function y over tlie interval X and T,~(x)dx gives the upper Darboux integral of the upp& endpoint function J over X [2] . As these Darboux integrals always exist in the extended real number system, it follows that all interval (and hence all real) functions are integrable in this sense. The definite and indefinite interval integrals have many properties similar to those of the Riemann integral [I] .
The construction of the interval integral, carried out in [l] in the spirit of interval analysis, is done in three steps. The first step consists of partition of the interval X into subintervals = [xi_ ,, xi], i = 1,2,. -0 , n by means of points to obtain the partition of X and the corresponding interval Darboux sum Next, for each positive integer n, let 9, denote the set of all partitions (3.3). The interval Riemann sum of order n is then defined to be Finally, the interval integral of Y over Xis gven by which is nonempty, as the interval Riemann sums form a decreasing sequence of nonempty closed sets [I] , and agrees with (3.1). This construction will be simplified in the finite case. 4 . The finite case. The interval integral (3.6) will be said to be finitely defined if the integrand Y is a bounded interval function and the interval of integration X= [a, b] is finite. The equipartition , , of Xis defined by the points so that
,2;--,n. n n The corresponding interval Darboux sum is THEOREM 4.1. In the finite case, Thus, this construction requires only the formation of the single interval Darboux sum (4.3) for each positive integer n and skips the (nonconstructive) calculation of interval Riemann sums (3.5) entirely. Furthermore, (4.4) agrees with the definition of the interval integral given by R. E. Moore [2] , [3] , in the case that the endpoint functions y,y of Y are assumed to be continuous. Theorem 4.1 will be proved in $6 based on Gsults on subintervals established in the next section.
Two lemmas on subintervals.
The first lemma simplifies the proof of the mean interval-value theorem for interval integrals over a finite interval of integration. Q.E.D. As w(vY(X))< +m, taking the intersectioin of both sides of (6.6) with respect to n gives The use of interval Darboux sums as approximations to the interval integral is an extension of the crude method of upper and lower Riemann sums [5] for the approximation of the integral of a Riemann integrable real function. The Darboux sums are generally easy to inclose and give rigorous upper and lower bounds for the value of the integral, but the rate of convergence as given by (7.7) is slow. Of course, the use of partitions other than the equipartition may be of benefit in some cases, but for sn~ooth functions, the improvement may be marginal. For example, for the equipartition for n = 2 gives
Proof of
The interval Riemann sum in this case corresponds to the use of the partition point x, = 1 / 0 and has the value Although this is better than (7.9), extra labor was required to determine the optimal partition, and this additional effort increases rapidly with n.
Inner improper interval integrals.
In [I] an interval integral was said to be unbounded if its value is an infinite interval. These unbounded interval integrals arise if the integrand or the interval of integration is unbounded. Relationships were developed in [l] between the value of the finite endpoint of a semi-infinite, or improper interval integral and the improper Riemann integral of the corresponding endpoint function of the integrand. Here, an approach to improper interval integration will be made via finitely defined interval integrals. -m -00
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